Abstract We show that there is no complete proper holomorphic map from the disc ∆ to the bidisc ∆ 2 which extends continuously through ∆.
Proof. Suppose that Λ ⊂ b∆ is an open arc such that z → |f (z)| extends continuously to ∆ ∪Λ. Suppose first that the continuous extension of z → |f (z)| is identically equal to 1 on Λ. By the Schwarz reflection principle [R, p. 237; p. 293, Ex.2] f extends holomorphically across Λ. Thus, for every e iθ ∈ Λ we have
Since the function g is bounded, a result of J. Bourgain [B] implies that there is an e iα ∈ Λ such that
By (1) it follows that
which contradicts the completeness of F . Thus, there is a point w ∈ Λ such that the the extension of z → |f (z)| at w is less than one. By the continuous extendibility of z → |f (z)| to ∆ ∪ Λ there are a closed arc A ⊂ Λ, a neighbourhood W of A in C and an η > 0 such that
Since the map F is proper it follows that if z ∈ A and ζ ∈ ∆, ζ → z then |g(ζ)| → 1. This means that z → |g(z)| extends continuously to ∆ ∪ A and that the extension is identically equal to 1 on A. This is impossible by the first part of the proof with the roles of f and g interchanged. This completes the proof. This work was supported by the Research Program P1-0291 from ARRS, Republic of Slovenia.
